
v =  
v =  
ui = 

Xi = 
Y1= = 

Y1 = 

volume containing the region of interest in a 
problem 
velocity vector 
velocity component in the direction of the coor- 
dinate xi 
coordinates 
exact solution for one of the dependent variables 
P, vi, T, CA 
approximate solution for one of the dependent 
variables 

Greek Letters 

a = angle of inclination of the plane walls 
co 

cv 

= the initial error, the amount by which an approxi- 
mate solution fails to satisfy the initial conditions 

= the interior error, the amount by which an ap- 
proximate solution fails to satisfy the differential 
equations 

= the boundary error, the amount by which an ap- 
proximate solution fails to satisfy the boundary 
conditions on S 

ES 

p = viscosity 
p = density 
+j 

@j 

Su bscripto 

A, B = chemical species in a binary system 
i, i, k = summation indices 
n 

= the ith member of a set of position dependent 

= the jth member of a set of general trial functions 
trial functions 

= upper limit on summation indices 

P = pressure function 
S = on thesurface 
V = within the volume 
u = velocity 
0 = initial state 
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Turbulent Film Condensation 
JON LEE 

Wright-Potterson Air Force Base, Ohio 

Nusselt’s laminar film theory of condensation (10) is 
simple and capable of predicting the heat transfer coeffi- 
cient in many cases. However the actual heat transfer 
coefficients are found to be somewhat higher for fluids 
with moderate and high Prandtl numbers, while the heat 
transfer coefficients observed for the liquid metals (small 
Prandtl number) are considerably lower than Nusselt’s 
prediction. These lead one to investigate the effect of 
turbulent transports in condensation because the thick- 
ness of condensate film can become large in reality. 

In the past few attempts have been made in this direc- 
tion, notably by Seban ( 1 2 ) ,  Roshenow et al. (]I), and 
Dukler ( 3 ) .  Seban adopted the well-known universal 
logarithmic velocity distributions for a velocity profile in 
the condensate film. With an additional assumption of 
eddy thermal diffusivity being equal to eddy kinematic 
viscosity the heat transfer analysis was carried out by an 
approximate analytical method. The theory was extended 
by Rohsenow et al. to include the positive interfacial 
shear stress. In view of a recent work by Lee (6) the use 
of logarithmic velocity distribution seems to be valid only 
in the case of a large positive interfacial shear stress. Re- 

cently Dukler presented a more ambitious approach of 
actually solving the velocity profile using the eddy viscos- 
ity expressions of Deissler and von Karman. However his 
velocity profile suffers from the physical inconsistencies, 
such as the discontinuity at the intersection of two regions 
and the failure to satisfy the interfacial shear stress cor- 
rectly. Furthermore his heat transfer results for small 
Prandtl number range do not seem physically plausible 
owing to neglecting the molecular thermal conductivity 
with respect to eddy conductivity. 

The purpose of this paper is to recompute the heat 
transfer coefficients for turbulent Nusselt’s model without 
introducing a priori assumption on the magnitude of trans- 
port coefficients. The method of solution is that developed 
by the author (6), in which a smooth velocity profile with 
correct interfacial shear stress is obtained. In contrast to 
Dukler’s work the correct heat transfer coefficients are 
still much larger than the liquid metals data of Misra and 
Bonilla (9) .  This is not unexpected because the Nusselt’s 
model does not account for the following considerations: 
nonvanishing interfacial shear stress, inertia effects, con- 
vective heat transfer and subcooling, interfacial waves and 
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T X 

Fig. 1.  Model and coordinates. 

T = Tw a t y = O ,  x 2 0  

T = T s  a t y = S ,  x L 0  
To define the a priori undermined 6 one must evoke the 
physical phenomenon of condensation which is expressed 
as 

Equations (l),  ( 2 ) ,  and (3) constitute the system of 
governing equations which are reducible to the Nusselt's 
laminar problem, if ve and Ke were dropped. For the eddy 
kinematic viscosities, Deissler's expression ( 2 )  

ue=n2uy[1-exp (-n2uy/v)]. O--"y"y" (4) 

Ye = K2 I (au/ay)3/(a2u/ay2)2l7 y" y (5) 

and von Karman's expression (13) 

are used, where n, K ,  and yo are empirical constants. 
Deissler suggested a value of y* = 26 u / v r W / p  for pipe 
flows; however a slightly different value of yo wiU be used 
here (5, 6). 

__ 

SOME MANIPULATIONS 

Accept the additional assumption that the eddy thermal 
difhsivity is a constant multiple of eddy kinematic vis- 
cosity; that is Ve/Ke = ,a = constant. Since Ve vanishes at 
the wall, y* = C u/vG from (1) (C is a constant). 
Along the x axis the precise value of yo cannot be as- 
signed ab initio owing to its dependency on 8. Neverthe- 
less only two cases exist deoendine on the value of 6: 

0 

that is 6 6 y* and S 2 y". 
Case I: 6 5 y* 

profiles can be obtained from (1) , (2) ,  and (4)  

rippling, interfacial thermal resistance, and contact ther- 
ma1 resistance. 

FORMULATION OF PROBLEM 

The differential equations for velocity and temperature 

Consider a physical model of film condensation on a 
vertical semi-infinite plate, where the x axis is parallel and 
the y axis is perpendicular to the plate, as shown in Figure 
1. This paper is restricted to the physical model that was 
originally adopted by Nusselt. Consider only the balance 
of acceleration due to gravity and retardation due to drag 
on the plate. Neglect the inertia effects and the interfacial 
shear stress. Consider the conduction type of heat energy 
transport to be dominant, and neglect the convective heat 
transfer and subcooling. However what is different from 
the Nusselt's formulation is the inclusion of turbulent 
transports in the form of eddy dsusivity. 

Under the usual assumption of the constancy of physi- 
cal properties within the temperature range involved the 
equations of motion and heat energy in the condensate 
film can be written as 

dU 
( u + v e )  -=g(S-yy) 

aY 

where u in Deissler's region is denoted by ui. Equation 
(7) can be integrated at once to give 

T - T W  
-L-= 

AT 
1 dY - 
Ti f 1 + N P r  (n2/v)uiy[l- exp (- nzuiy/v)la 

(8) 

where I1 denotes the integral of (8) from 0 to 6. 
To specify 6 Equation (3) will be written in an alternate 
form 

where ue and K e  denote the eddy kinematic viscosity and 
eddy thermal diffusivity. The boundary conditions im- 
posed are 

The integrand in (9) can be obtained from (6) under the 
assumption of interchangability of the differential with 
respect to y and S 

( g / Y )  ([I + (n2/v)uly[l- exp (-- n2uiy/y) I >  
dV1 - - (n2/v)(6--y)y[l+ ((nz/u)uly- l )  exp (--2uly/v)lV1) -- 
dY (1 + (n2/v)uly [l- exp (n2uiy/~)]}2 

Vol. 10, NO. 4 A.1.Ch.E. Journal 



where VI = dul/d8. 
Case II: 6 L y* 

One must consider two regions adjoining at ye. The 
equation of motion for y L y" is identical to ( 6 ) ;  how- 
ever a governing equation must be obtained from (1) 
and (5) for y* 4 y 

Equation (6) 0 L y f y* (11) 

-, y""y"6 d ' ~ z  - ( K/v';) ( d u ~ / i d y ) ~  
-= 

ay* d ( g / v )  (6 - y) - auz/ay 
(12) 

where u2 denotes u in von Karman's region (du2/dy 1 0 
and d2u2/ay2 6 0 ) .  The temperature profile can also be 
found by integrating (2)  with (4)  and (5) 

where I 2  denotes the integral of (13) from 0 to 6, in 
which ve takes either (4)  or ( 5 ) .  

The corresponding integrand of (9) will be derived 
from ( 11) and ( 12) to give 

Equation (10) 0 5 y y" (14) 

(6) and (10). On the other hand for Case 11 u must be 
obtained from (11) and (12) and V1,2 from (14) and 
(15). Equation (12) can be expressed in a correspond- 
ing system of first-order differential equations: 

,yQ L y fS 

-________ (19) 
- (K/vi)  P2 - dP - _  

ay v ' ( g / v )  (8 - y )  - p 
Usually a system of two first-order differential equations 
can satisfy only two initial (or boundary) conditions. 
However it has been shown ( 5 )  that the following three 
necessary conditions can be fulfilled because (19) has a 
nodal singular point at y = 6: 

u2 = u 1  
P = au1/ay 
P = 0  

Y = Y; 
Y " Y  
y = s  

The exact solution has a continuous first derivative for all 
y and has a vanishing gradient at y = 6. Therefore the 
traditional physical inconsistencies 011 velocity profile are 
now removed in toto. 

Similarly by letting aVz/ay = Q Equation (15) can 
also be expressed as a system for which the following con- 
ditions can be satisfied: 

y*"y"6 

where VZ = dudas. 

METHOD OF SOLUTION 

Since all the equations developed in the previous sec- 
tion are too cumbersome to be treated analytically, the 
author shall take recourse to the numerical method. By 
substitution of either (8) or (13) Equation (9) becomes 

d6 ( C p A T / X ) v  

N P ~  
(16) 

where subscripts 1 and 2 correspond to cases I and 11, 
respectively. In essence the mathematical problem is to 
find a solution of first-order differential equation dS/& = 
F ( S )  for 6 = 0 at x = 0. A subtle complication arises 
because 21 must be kuown to evaluate F (6).  

From the numerical standpoint the following scheme 
was adopted for convenience. 

Integrate (16) to obtain 

(17) 
( C p  A T / x )  x 

N P T  

For a given 6 the corresponding x can be obtained, or 
vice versa. This type of numerical method seems to be 
amenable from the separable character of the differential 
equation. 

The author now briefly returns to the discussion of 
evaluating the integrand of (17). No further discussion 
is necessary for Case I owing to the regular behavior of 

v2 = v1 Y = Y %  
Q = dVi/ay Y = Y  
Q = g / v  y = 6  

When one obtains 6 and u, the computation of T follows 
from (8) or (13). 

HEAT TRANSFER CORRELATION 

The heat transfer coefficient for condensation can be 
defined as 

which is obtained from the heat balance hAT = k(dT/.dy),. 
In order to avoid the dependency on the plate length due 
to the absence of similarity (see reference 1, 4, 7) ,  intro- 
duce the following parameters, Reynolds number 

and average heat transfer coefficient 

For Nusselt's laminar problem NRe and ha, are related as 

( v 2 / g ) 1 / 3  hav/k = 1.47 N R ~ - ' / ~  (21) 

RESULTS AND DISCUSSION 

For wide ranges of N p T  and C,AT/X the computation 
of u (x. y) , T (x, y)  , and 8 (x)  was performed numerically 
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lo-'. 
X ( c m l  

Fig. 2. Film thickness (CpAT/h = 0.04). 

- 

. I o-~ 

with L = 15 cm. and Y = 0.005 sq.cm./sec.* From the 
previous work (5) n = 0.124, K = 0.4, and yo = 2 3 ~ /  -,/s were adopted so that the logarithmic velocity distri- 
bution is preserved for a positive, huge interfacial shear 
stress. 

The turbulent film thickness S(x) was plotted in Figure 
2, for two different values of NPr and comparison was 
made with the corresponding laminar Sn ( x )  (= [4 ( C A T /  
A )  z/N~T(g/~2)]1/4). For Npr = 1.0, S(x) deviates from 
6, (x) insignificantly because S<yo. But for Npr = 0.001 
the condition of S>y" prevails so that S ( x )  is much larger 
than & ( x )  owing to turbulent mixing. In general the ad- 
dition of turbulent transports contributes to the increase 
of 6(x) in all cases. Qualitative information can be de- 
duced by simply letting S w C xIr4; then yo - C-1/2x-1r8 
(C is a numerical value). C is small and yo lies above 
S ( x )  for N P ~  = 1.0 as shown in Figure 3a, but for PY = 
0.001, y* generally lies below S(x) as in Figure 3b. 

Some typical velocity and temperature profiles for 
C,AT/A = 0.04 and x = 15 cm. are presented in Fig- 

* The particular choice of L and v is immaterial to this mode of 
heat transfer correlation. In particular the appearance of P could have 
heen eliminated completely by a proper transformation. 

I 
8 - c x 4  

/,, 

0 - x  

0 - x  

( b )  

Fig. 3. Separation of condensate films. 

.5 

.2 .4 .6 .8 1.0 0 
Y/ 6 

Fig. 4. Velocity (C,AT/h = 0.04 and X = 15 cm.). 

ures 4 and 5.  In Figure 4 for NPr = 10 and 1 the milder 
influence of turbulent transports is manifested by nearly 
parabolic profiles, but as NPr decreases, the flatter veloc- 
ity profiles are attributable to violent turbulent mixing. 
The corresponding temperature profiles follow the general 
trend with respect to NpT as in the previous works (8, 1 2 ) .  

For a = 1 Figure 6 shows the correlation of average 
heat transfer coefficient and Reynolds number. The aver- 
age heat transfer coefficients for NPr > 0.1 are larger than 
the laminar case, but a decrease is observed for smaller 
NPT)s. It  seems quite reasonable that hay will approach a 
limit as Npr becomes extremely small. Indeed CY is an 
index of the ignorance in turbulent mechanism, and at 
present no unique information applicable to the problem 
seems available, other than the fact that it is dependent 
on the Peclet number and the flow geometry. It is gen- 
erally believed that, even though not conclusive, a is 
greater than unity for Npr 1 1 and becomes less than 
unity as Npr becomes small. At any rate the reason for 
adopting = 1 was that it gives a conservative result 
which can be modified for other values of a. Furthermore, 

Fig. 5. Temperature (C,AT/h = 0.04 and X = 15 cm.). 
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N R e  

Fig. 6. Average heat transfer coefficient vs. Reynolds number. 

at least for the small N p r  range, the heat transfer result 
would not be too sensitive to a. By taking a = 0.1 as an 
example ha, is reduced by 4.0% at N R e  = 1@ for Npr  
= 0.01. 

Figure 6 generally agrees with the qualitative result of 
Seban ( 1 2 ) ,  but does not agree with Dukler's no inter- 
facial shear stress case conipletely. There are legitimate 
reasons for expecting a rather close agreement because of 
the same physical model and eddy expressions involved 
in both analyses. At most however there can be a minor 
degree of discrepancy arising from the difference in com- 
puting the velocity profile, namely that of exact and ap- 
proximate methods (see reference 6) .  

In order to make a definite comparison between the 
results of Dukler and present analysis the author has car- 
ried out computations using Dukler's value of the param- 
eters n = 0.1, K = 0.4, and y" = 20v/V$. Figure 7 
shows Dukler's results for NPT = 0.05 (Figure 15 of ref- 
erence 3 )  and N P ~  = 0.1, 1.0, and 10.0 (Figure A-11 in 
Appendix of reference 3 ) .  In the same figure the results 
of the author's analysis are also included for comparison. 
I t  must be noted that the decrease of Dukler's ha, is 
exceedingly drastic, so that no limit seems to exist as N P r  
approaches zero. Since DuMer's NPT = 0.05 curve passes 
through the aggregate of li uid metals data (9 ) .  his con- 
clusion was that the turb s ent transports can lower ha, 
for liquid metals. In light of the above discussion such a 
conclusion can not be valid. The notable discrepancy was 
caused by his neglecting the molecular thermal conduc- 
tivity in comparison to eddy thermal conductivity, which 
is unjustified for liquid metals. It is discouraging because 
the correct analysis is still unable to predict the experi- 
mental data; however to describe the actual state of af- 
fairs of liquid metal condensation one must consider other 
effects which were not included in this model. Some of the 

200 1000 l0>000 100,000 

N R e  

Fig. 7. Comparison of present analysis with Dukler's results. 

modifications mentioned in the introduction have been 
investigated, and they will be presented elsewhere. 

CONCLUSIONS 

Turbulent condensation analysis based on the Nusselt's 
model indicates the following: 

1. The increased heat transfer coefficients for ordinary 
fluids are in conformity with the experimental data; how- 
ever the physical model is too naive to predict the liquid 
metals data. 

2. The assumption adopted by Dukler regarding the 
magnitudes of heat transferred by the molecular conduc- 
tion and turbulent mechanism is not justified; therefore 
his results for small Prandtl number range are physically 
unacceptable. 

NOTATION 

C, = specific heat at constant pressure 
g', g = acceleration due to gravity, g' (AP/P) 
h = condensation heat transfer coefficient 
K = von Karman's constant 
k = thermal conductivity 
L = plate length 
n = Deissler's constant 
N p r  = Prandtl number, ( v / K )  

N R ~  = Reynolds number at x = L 
T ,  AT = temperature, Ts - Tw 
u = velocity component in x axis 
x,y = coordinate system 
y" = separation of Deissler and von Karman regions 
Greek Letters 

6 = condensate film thickness 
K = thermal diffusivity, ( k / C p p )  

= latent heat vaporization 
v '= kinematic viscosity 
p ,  Ap = density, density of liquid - density of vapor 
T = shear stress 

Subscripts 
av = average over x 
e = eddy transport coefficient 
n = Nusselt's laminar case 
s = saturation 
w = wall 

01 = K e / V e  
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